We examine solid cellular structures within the theoretical framework of finite elasticity, whereby we assume that the cell wall material is nonlinear elastic. This enables us to identify new mechanical effects that appear in cellular materials when elastically deformed, and to explore the physical properties that influence them. We find that, when a honeycomb structure of hyperelastic material and standard geometry, such as rectangular-, hexagonal-or diamond-shaped cells, contains walls which are inclined relative to an applied uniaxial tensile load, these walls tend to expand both in the direction of the load and in the perpendicular direction, producing an apparent negative Poisson's ratio at local cell level. Moreover, we show that this (negative) Poisson ratio decreases as the magnitude of the tensile load increases. For these structures, Poisson's ratios greater than 0.5 are obtained in uniaxial compression. Similar effects in structures with linearly elastic cell walls do not occur.
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We examine solid cellular structures within the theoretical framework of finite elasticity, whereby we assume that the cell wall material is nonlinear elastic. This enables us to identify new mechanical effects that appear in cellular materials when elastically deformed, and to explore the physical properties that influence them. We find that, when a honeycomb structure of hyperelastic material and standard geometry, such as rectangular-, hexagonal-or diamond-shaped cells, contains walls which are inclined relative to an applied uniaxial tensile load, these walls tend to expand both in the direction of the load and in the perpendicular direction, producing an apparent negative Poisson's ratio at local cell level. Moreover, we show that this (negative) Poisson ratio decreases as the magnitude of the tensile load increases. For these structures, Poisson's ratios greater than 0.5 are obtained in uniaxial compression. Similar effects in structures with linearly elastic cell walls do not occur.
Introduction
Solid cellular structures are widespread in nature and industry, from marine sponges and plant stems, which have been around for million of years, to biomedical tissue scaffolds and synthetic foams, which are under continuous research and development [1, 2] . Apparently, Galileo Galilei (1564-1642) suggested that bones must contain voids to account for their high strength-to-weight ratio, and also observed that bones of a large animal need to be thicker in proportion to their size than those of smaller animals, whereas Robert Hooke (1635-1703) introduced the word 'cell' to describe the microscopic structure of cork, as well as the law 'ut tensio sic vis', i.e. 'as the extension, so the force' [3] . At low stresses or strains, the assumption that the cell walls are linearly elastic with a geometrically nonlinear behaviour is valid, and is successfully used in structural mechanics and other engineering applications (e.g. metal foams) [4] . However, many modern applications and biological structures involve large strains, where the deformation is inherently nonlinear and the corresponding stresses depend on both the position and the underlying material properties. For these complex materials to be understood and optimized with respect to their mechanical response, reliable computer models supported by mathematical and mechanical analysis are needed [5] .
In this study, we examine solid cellular structures within the theoretical framework of finite elasticity, whereby we assume that the cell wall material is nonlinear elastic [6, 7] . This enables us to identify new mechanical effects that appear in cellular materials when elastically deformed, and to explore the physical properties that influence them. We find that, for soft honeycomb structures with hyperelastic walls and standard geometry, such as rectangular-, hexagonal-or diamond-shaped cells, non-standard Poisson effects arise from the combination of nonlinear elastic responses and structural geometry.
First, we present a set of numerical models for periodic honeycomb structures of nonlinear hyperelastic material with a small number of cells, and report on their elastic behaviour when subjected to external tensile or compressive forces ( §2). For a honeycomb structure, which is either extended or compressed in one direction to a certain strain E 1 , and is unconstrained in the orthogonal direction, there is a strain E 2 generated in that direction. Then, for this deformation, an (apparent) Poisson's ratio can be defined as the negative quotient of the second to the first strain, ν = −E 2 /E 1 . Although, in practice, Poisson's ratios are more often computed for small strains, this definition also applies in the case of large strains. However, while in the small strain regime, the Poisson's ratio is always a constant, in the finite strain case, this ratio may be a nonconstant function of the deformation [8] . In finite elasticity also, uniaxial tensile loading leads to a simple extension in the direction of the (positive) tensile force, whereby the ratio between the tensile strain, and the strain in the orthogonal direction is greater than one, if and only if the Baker-Ericksen inequalities hold [9, 10] . Moreover, non-uniqueness of deformation is possible under external tensile conditions, where different apparent Poisson's ratios may be computed [11] . If the material is anisotropic (e.g. foams), then different Poisson's ratios may also be found as the material is extended (or compressed) in different directions. Even for transversely isotropic materials, if the orientation of the axis of isotropy does not coincide with the orientation of the applied load, then a simple tension does not produce a simple extension, and the analysis is more involved.
As the deformation of cellular bodies under external loading is typically non-homogeneous, owing to both the cell wall material and the individual cell geometry, here we limit our investigation to the apparent Poisson effect that may be defined in terms of the large strain components generated in the cell walls under specific tensile or compressive conditions. Then, for the nonlinear elastic cell walls, we express the Poisson's ratio either in terms of the logarithmic (true) or the Green-Lagrange strain components, and exploit the fact that the sign and the monotonicity of the computed Poisson function is independent of which of these two strains is chosen. In the linear elastic limit, the logarithmic and the Green-Lagrange strains are both equal to the infinitesimal strain tensor. For the model structures, we find that Poisson's ratios that are either negative or greater than 0.5 can be obtained when large strain deformations of the cell walls are permitted.
We note that negative Poisson's ratios were reported in cork under non-radial (axial or transverse) compression [12] , whereas Poisson's ratios with values between 0.6 and 0.8 were measured in some woods where the primary strain was extensional in the radial direction, and the secondary strain was compressive in the transverse direction [13, p. 82] . A Poisson's ratio equal to 1 was also computed for hexagonal cells under the small strain assumption [2, p. 119] .
Motivated by our numerical results, we then focus on the mechanical treatment of a single oblique wall, and show that the Poisson effects observed in these structures are influenced by the inclination of the cell wall relative to the direction of the applied load ( §3 structure of nonlinear elastic material which is extended vertically, by computing the (apparent) Poisson's ratio generated in the elastic walls as the negative quotient of the horizontal to the vertical true strain component, we find that the oblique walls extend both in the direction of the applied load and in the transverse direction, causing a negative Poisson effect. Because this effect is not observed when the elasticity of the cell wall material is linear, we infer that the richer mechanical behaviour observed here is due to the inextricable relation between the nonlinear elastic responses and the structural architecture of honeycombs with softer cell walls.
The elastic qualities of soft honeycombs
We begin our investigation with a set of numerical examples that illustrate the mechanical performance of honeycomb structure with nonlinear hyperelastic cell walls. Hyperelastic (or Green elastic) materials are the class of material models described by a strain energy function. For these models, boundary value problems may be cast as variational problems, which then can be used to generate finite-element methods [14, 15] . The computational examples here recorded were produced within the open-source software finite elements for biomechanics environment [16] . The four different model structures that we consider are depicted, in their undeformed state, in figure 1. In figure 1 , every structure is made from a single piece of material and occupies a thin square domain of side one in the horizontal and vertical direction. The cells in each structure are equal in size and are uniformly distributed throughout the structure, whereas their specific geometries are as follows: (i) square shapes in stacked cell distribution, (ii) squares in staggered distribution, (iii) diamonds (rhombus shapes) and (iv) hexagons. In the graphical illustrations, the cell diameter is approximately 1 7 , and the finite-element mesh for the numerical discretization of the elastic cell walls is also shown. While these specifications are required for the numerical implementation, the subsequent qualitative analysis remains valid if other cell and mesh sizes are considered.
For the honeycomb models, the cell wall material is characterized by the following strain energy function:
where μ 1 , μ 2 , κ are constants, such that μ = μ 1 + μ 2 > 0 and κ > 0, and
represent the principal invariants of the left Cauchy-Green strain tensor B. In the incompressible case (I 3 = 1), the material is described by the classical Mooney-Rivlin model. The corresponding Cauchy stress in the cell walls has the Rivlin-Ericksen representation [9] :
where
If the material is incompressible, then the representation (2.2) is replaced by the form
where p denotes an arbitrary hydrostatic pressure. Setting the constitutive parameters as μ 1 = 1.2, μ 2 = 0.2 and κ = 100 MPa, we submit the model structures to either vertical extension or compression as follows: the lower external horizontal faces are fixed in all three directions, the upper external horizontal faces are subjected to a prescribed vertical displacement and are fixed in the other two directions, whereas the remaining internal and external faces of the cell walls may deform freely. The resulting deformations in the honeycomb models are shown in figures 2, 3, 7 and 8. When a large vertical tension is applied, figures 2 and 3 indicate that, for every structure, the deformation is always symmetric with respect to the vertical axis. The corresponding maximum horizontal and vertical displacements are recorded by the diagrams in figure 4a, from which we infer that the transverse (secondary) displacement is generally much smaller than the axial (primary) displacement. From these diagrams, we also deduce that the structure with staggered square cells contracts less in the transverse direction than the other structures, whereas that with diamond-shaped cells contracts the most. Moreover, as the staggered square cells tend to deform into hexagonal shapes under vertical extension, whereas the hexagonal cells deform into nearly rectangular shapes under horizontal extension, these geometrical changes are captured also by the corresponding diagrams associated with the staggered and hexagonal cells, respectively, which intersect each other at sufficiently large displacements.
We then compute the apparent Poisson's ratio in the elastic material throughout the structure as the negative quotient of the average value of the horizontal to the vertical component of the logarithmic strain ln C 1/2 , where C is the right Cauchy-Green strain tensor, and the logarithmic function is applied component-wise. The average values are calculated by summing the values for all the finite elements in the model and dividing by the number of elements. Figure 5a shows that, for the honeycomb structures, these Poisson's ratios are smaller than for the underlying compact material, and decrease as the deformation increases, and may become zero or negative in structures with staggered, diamond or hexagonal cells. This is an interesting phenomenon, which is not observed under the small strain regime. In addition, the Poisson's ratio is smaller for the diamond cells structure than for the structure with hexagonal cells, whereas for the structure with staggered square cells, this is closer to that of the underlying material, which in this case is nearly 0.5. A comparison with the results for the relative displacements in figure 4a then suggests that the larger the horizontal displacement the lower the Poisson's ratio found in a structure. In finite elasticity, a Poisson's ratio can also be computed as the negative quotient of the horizontal to the vertical components of the Green-Lagrange strain tensor E = (C − I)/2. In the linear elastic limit, both the logarithmic and the Green-Lagrange strains are equal to the infinitesimal strain . Then, figure 5b shows that for the underlying material this Poisson's ratio decreases, whereas for the cellular structures, the deformation where this ratio becomes zero or negative is the same as when the logarithmic strain was used. This is due to the fact that a component of the logarithmic strain decreases (or increases) as the corresponding Green-Lagrange strain component decreases (or increases), and may become zero or negative to a certain strain is the work per unit volume (in the reference configuration) measured by the area under the stress-strain curve up to that strain [4, pp. 309-314] . In the stress-strain diagrams, the numerical values correspond to the average values of the Cauchy (true) stress and the logarithmic (true) strain throughout the solid part of the structure, respectively. Then, from figure 6a, we deduce that, up to a given stress level (assumed here below the peak stress where cell closure occurs), the honeycomb structures are more flexible and can absorb more energy than the hyperelastic material from which they were made. In addition, the structures with staggered or diamond cells absorb more energy than that with stacked cells, and the honeycomb with hexagonal cells has the capacity of absorbing more energy than those with square or diamond cells when vertically extended. Under the action of large vertical compressive forces, the behaviour of honeycomb structures is rather different. Figures 7 and 8 show that the structures with square cells will buckle, whereas the deformation of those with diamond or hexagonal cells is symmetric with respect to the vertical axis. The corresponding horizontal and vertical displacements (up to the point where the buckling starts in the structure with staggered cells) are recorded in figure 4b. From these diagrams, we infer that the structures with square cells extend less than the other structures in the transverse direction, whereas the structure with hexagonal cells compresses the most.
From the diagrams in figure 9a , we see that the Poisson's ratio defined by the components of the logarithmic strain before the buckling begins remains positive for all the different The stress-strain diagrams in figure 6b also indicate that, in compression, the diamond cells are the most flexible, followed by the hexagonal cells. This is consistent with the result obtained in the small strain regime, where hexagonal cells were found to be more flexible than square cells in general [4, pp. 159-160].
Inclined cell walls and the Poisson effects
Motivated by the preceding numerical results, we now focus our attention on a single oblique cell wall of a honeycomb structure which is extended or compressed vertically, and demonstrate that the Poisson effects observed in these structures are influenced by the inclination of the cell walls relative to the direction of the applied load.
We begin our analysis by assuming that, when a cellular structure is extended or compressed vertically, the displacements in the horizontal direction are much smaller than the vertical displacements, as suggested by the diagrams in figure 4 . Then, under the action of the vertical force, for an inclined cell wall with the ends aligning in the vertical direction, a shear deformation develops in the same direction, whereas in the horizontal direction, the distance between the planes containing the sheared ends remains virtually unchanged ( figure 10 ).
For the cell wall elastic material, we require the validity of the Baker-Ericksen (BE) inequalities stating that the greater principal stress occurs in the direction of the greater principal stretch, and of the pressure-compression (PC) inequalities stating that each principal stress is a pressure (compression) or a tension according as the corresponding principal stretch is a contraction or an elongation (extension) [7, pp. 155-159] . These inequalities are satisfied by most elastic materials.
To handle the nonlinear deformation of the elastic wall, we employ the following successive decomposition procedure (SDP):
1. We start with the simple shear (SS) deformation (3.1) everywhere in the wall. 2. Then, we allow the inclined sides of the wall to deform freely by removing the traction constraints, whereas the SS conditions at the sheared ends are maintained.
Successive decomposition procedure. The successive deformation decomposition can be formally written as follows: if x = χ (X) ∈ R 3 describes the first deformation at step (i), and x = χ(X) ∈ R 3 is the final deformation of step (ii) relative to the material configuration B 0 , then the deformation
maps the deformed state B to the final configuration B ( figure 11 ). Let
be the corresponding deformation gradients, such that det F > 0 and det F > 0, i.e. the mappings χ and χ are invertible and orientation preserving. Then, by the chain rule, the following compatible multiplicative decomposition holds
Remark 3.1. The SDP exploits the fact that, under large loading conditions, the homogeneously (affine) deformed state at step (i) is potentially closer to the final configuration at step (ii) than the undeformed state and can be maintained in every homogeneous isotropic hyperelastic material under appropriate loading conditions [17, 18] . Then, the (constant) stresses for this known configuration can be used to study the final 'free shape' deformation. When a square section of an elastic material is subjected to the SS deformation:
where K > 0 is constant, whereas the planes of shear are free, i.e. σ 33 = 0, by the representation (2.2), the non-zero components of the Cauchy stress tensor are
Then, for the SS deformation (3.1), the principal stretches take the form Figure 12 . Square section of a material (a) before and (b) after the simple shear deformation, with arrows indicating the principal directions.
and the non-zero principal stresses are
Let {e i } i=1,2,3 denote the unit vectors in the Lagrangian directions (axes) {X i } i=1,2,3 , respectively, and {v i } i=1,2,3 be the unit vectors in the principal (Eulerian) directions of the SS deformation (3.1), such that Bv i = λ 2 i v i , i = 1, 2, 3, where B = FF T is the left Cauchy-Green strain tensor. Explicitly, the principal directions are v 1 = e 1 cos α + e 2 sin α, v 2 = −e 1 sin α + e 2 cos α,
and by the polar decomposition theorem, F = RU. Geometrically, the circle inscribed in the unit square [0, 1] × [0, 1] deforms into an ellipse with the major axis along the principal direction v 1 and eccentricity λ 2 , and because 1 < tan α < K + 1 for 0 < K < ∞, the principal axes are situated between the diagonals of the undeformed and sheared square, respectively (figure 12).
In the limiting case when K → 0, tan α → 1, the Eulerian directions are along the diagonals of the unit square in the undeformed state, and if K → ∞, then tan α → K + 1, and the first principal direction is effectively on the longer diagonal of the deformed body. In the linear elastic limit, K = 1, the relative angle is α = π/4. In general
and, when the BE inequalities are valid, the left-hand side is positive, hence the following generalized empirical inequalities may hold
Then, by setting β −1 ≤ 0, we obtain that σ 11 ≤ 0, i.e. a compressive stress may be required to prevent the plane sections perpendicular to the X 1 -direction from moving in the X 1 -direction (this is the well-known positive Poynting effect [19, 20] ). When the material is linearly elastic, the deformation generated by vertical extension at the ends is an SS with parameter K 1. Then, the strain tensor reduces to
and the corresponding Cauchy stress takes the pure shear form
Thus, there is no deformation in either the horizontal or the vertical direction in this case.
We now consider an oblique cell wall which is initially inclined at an angle Ψ ∈ (0, π/2) (measured anticlockwise) from the horizontal direction, and such that the distance between the (vertical) planes containing the ends of the wall is equal to one, represented graphically in figure 13a. If this wall is subjected to vertical extension at the ends, whereas the horizontal distance between the ends is fixed, as shown in figure 10a, 
Proof.
(i) If in the undeformed (reference) state, the direction of the inclined sides is given by the vector:
then after the SS deformation, the direction of these sides becomes
In this case, on the deformed sides, the unit normal and tangent vectors are, respectively
Hence, the corresponding normal and shear tractions are
and
Straightforward inspection of the relations (3.6)-(3.7) then leads to the conclusion that the normal traction is compressive, i.e. σ n < 0, whereas for the tangential traction:
In the limiting case when Ψ ≈ 0, σ t < 0, and if Ψ ≈ π/2, then σ t > 0. (ii) At the sheared ends, the normal and tangential tractions are, respectively:
By lemma 3.2, both the vertical ends and the inclined sides are compressed in their respective normal directions, as indicated by the arrows in figure 13b. In the principal directions v 1 and v 2 for this deformation, the corresponding stresses in the deformed wall satisfy σ 1 > 0 and σ 2 < 0, hence by the PC inequalities, the inclined wall extends in the v 1 -direction and compresses in the v 2 -direction. This is consistent with the fact that the corresponding principal stretches satisfy λ 1 = λ > 1 and λ 2 = 1/λ < 1. By the SS deformation, the inclined wall also extends vertically. However, because during this deformation, the straight lines parallel to the horizontal and vertical axes remain straight and parallel, there is no deformation in the horizontal direction.
2.
At the second step of the SDP, for the pre-deformed wall, the vertical ends remain sheared and the traction constraints on the oblique sides are removed, so these sides may deform freely. Then, on the 'free' sides, the following result holds. Proof. For the pre-deformed wall at step (i), by lemma 3.2, there is a compressive normal stress σ n < 0 on the inclined sides. Then, at step (2), assuming that the sides remain stretched longitudinally and are set free in their normal direction, the wall will expand in the directions normal to these sides. Therefore, at step (2), the inclined wall will expand in both the horizontal and the vertical direction, exhibiting an apparent negative Poisson effect in the plane defined by these directions.
Remark 3.4. The negative Poisson's ratio can be observed in figure 5 for the diamond cells, where all the walls are inclined relative to the loading direction, but also for the hexagonal and the staggered square cells when sufficiently deformed. Proof. For a fixed initial angle Ψ , when the parameter K increases, the magnitude of the normal traction (3.6) for the inclined sides at step (i) increases, hence an increasing normal force is required to set these sides free at step (ii). In addition, as K increases, the inclined wall tends to align with the vertical direction, and the normal direction to the inclined sides becomes closer to the horizontal direction. Consequently, the horizontal strain increases relative to the vertical strain, causing the (negative) Poisson's ratio to decrease. Similarly, when K is fixed and the initial angle Ψ is increased, the normal traction (3.6) increases and its direction approaches the horizontal direction, hence the Poisson's ratio decreases. Remark 3.6. In figure 5 , the decrease in the Poisson's ratio as the magnitude of the vertical deformation increases can be observed in the diagram of individual structures, whereas the decrease of this ratio with respect to the initial inclination of the cell walls is accounted for by the relative position of these diagrams to each other.
When the inclined wall is subjected to vertical contraction from its ends, whereas the horizontal distance between the ends is fixed, as shown in figure 10b, we replace K > 0 by −K < 0 in (3.1). Then, assuming that K is sufficiently small, the deformation is homogeneous and only the first step of the SDP applies, hence there is contraction in the vertical direction, whereas in the horizontal direction, there is no deformation. Thus, the corresponding Poisson's ratio is almost zero, as observed in figure 9b in the case of the diamond cells, where all the walls are inclined relative to the applied force.
For numerical illustration, we consider a single oblique wall of size 1 × 6 × 1 and inclined at an angle Ψ = π/4 from the horizontal, made of the same Mooney material as the honeycomb structures in §2. When a vertical displacement equal to 2 is prescribed at the right-end, whereas the left-end is fixed, the computed horizontal and vertical stresses are indicated in figures 14a,b, where the finite-element mesh is also shown. The numerical values for these stresses are all positive, and the corresponding strains are also positive, hence a negative Poisson effect is found. If a vertical displacement of −0.2 is prescribed at the right-end while the left-end is fixed, then the result is illustrated in figure 14c,d , where the buckling of the wall is observed.
Conclusion
In this paper, we presented a set of results regarding the Poisson effects that appear in cellular structures in large elastic deformations and analyse the physical properties that generate them. Specifically, using numerical models of honeycomb structures with hyperelastic walls and standard geometry, such as rectangular-, hexagonal-or diamond-shaped cells, we are able to uncover some of the complex mechanical processes for these structures.
We find that, when a structure is subjected to vertical tension, by computing the apparent Poisson's ratio as the negative quotient of the horizontal to the vertical components of either the logarithmic (true) or the Green-Lagrange strain generated in its elastic walls, the cell geometry may alter and a negative Poisson effect can develop owing to the nonlinear deformation of the cell walls. For these structures, the mechanical properties in compression are generally different from those in tension, and Poisson's ratios greater than 0.5 are observed in vertical compression.
Our numerical results then serve as an incentive for the mathematical mechanical analysis, whereby we establish that, when a honeycomb structure of nonlinear elastic material contains walls which are inclined relative to a uniaxial tensile load, these walls tend to expand both in the direction of the load and in the orthogonal direction, and thus an apparent negative Poisson's ratio is produced at individual cell level. Moreover, we show that this (negative) Poisson ratio decreases as the magnitude of the tensile load increases. Because, for an inclined wall made of a linearly elastic material under similar loading conditions, there is no deformation in either the horizontal or the vertical direction, similar effects in structures with linearly elastic cell walls do not occur.
We conclude that, for soft honeycomb structures with hyperelastic walls and regular geometry, exceptional mechanical properties arise from the inextricable relation between the nonlinear elastic responses and structural geometry. Moreover, although the theme here is the large range of Poisson effects exhibited by these structures, our study of the local forces which are responsible for these effects can be extended further to the case when cell collapse or more complex structures with non-empty cells are modelled.
The numerical results presented here also show that different cell shapes lead to different structural responses, with some structures being more flexible or absorbing more energy than others under tensile or compressive loads. Although the cellular structure confers no automatic advantage under compression, its flexibility supervenes that of the material from which it was made, both in tension and in compression, and it also allows for change of shape under specific external conditions. This then leads to further changes in the material properties, which are measurable though perhaps not visible and may play a significant role in creating opportunities for new applications.
